The lateral density of a cosmic air shower with a non-zero zenith angle is azimuthally asymmetric. The azimuthal asymmetry consist of a stretching of the iso-density contours to ellipses and to a shift of the center of the elliptic contours with respect to the core of the shower. The aim of the paper is to investigate the shift of the center of the elliptic iso-density contours for different zenith angles . On the basis of a model a qualitative equation is derived for the iso-density contours of inclined showers including the shift. to obtain a quantitative equation MC densities are investigated. The shift can be incorporated in an analytic expression of the azimuthal asymmetry of the lateral density as a function of the polar coordinates and parameterized by the zenith angle. Its predictions for asymmetric lateral densities are compared with densities obtained with MC simulations.
Introduction
A lateral density function (LDF) describes the density as a function of the radius with respect to the core of a shower. Vertical air showers are in general radially symmetry. The iso-density contours in the horizontal plane are circles. The horizontal plane coincides with the plane of the front of the shower. A radially symmetric LDF is of application for vertical showers and for polar averaged densities of inclined showers. For inclined air showers one can consider either the density in the plane of the shower front or the density in the horizontal plane. The latter is more of practical use since the observation level is usually horizontal. Hereafter, with 'lateral density' we mean the density in the horizontal plane. Likewise, when we speak about an LDF we mean a lateral density function in the horizontal plane.
For inclined showers the iso-density contours are rather ellipses [1, 2] . In addition, the center of the elliptic iso-density contours do not coincide with the shower core. The distance between them is denoted as the 'shift'. For inclined showers an LDF as a function of radius r and polar angle φ parameterized by the zenith angle θ is desired [2] . In this paper we will include the shift and show how the azimuthally asymmetric LDF can be constructed from the radially symmetric LDF. To avoid length we will denote a radially symmetric LDF just as LDF and an azimuthally asymmetric LDF as LDF-A. To perform the analysis and to illustrate the conversion to an LDF-A we need an example LDF. So, we will first choose an example LDF.
For electromagnetic showers a well known LDF is the one of Nishimura, Kamata and Greisen (NKG) [3, 4] . Most LDF's are modifications of the NKG function [5, 6] . For muons a well known lateral density function is the one of Vernov [7] . However, it can also be described by a NKG type of function [8, 9] . The muon energy deposit in scintillators is practically similar to the electron energy deposit [10] . A combined lateral density of electrons and muons is therefore of importance for scintillator based observatories such as HiSPARC [11] . For the density of electrons we will use the following NKG type of LDF: ρ e (r) = N e · c(r 0 , s 1 , s 2 ) · f (r) ,
where f (r) = r r 0
and where the normalization is c(r 0 , s 1 , s 2 ) = Γ(−s 2 ) 2πr 2 0 Γ(s 1 + 2)Γ(−s 1 − s 2 − 2)
.
The parameter r 0 plays a similar role as the Molière radius in the original NKG function. N e is the number of electrons reaching the observation level.
The structure function of the foregoing LDF is solely a function of the radius. The aim of the paper is to modify it to an LDF-A for inclined air showers, including the shift. Although our main interest is the LDF-A for the combined density of electrons and muons, we will perform the analysis with the aforementioned LDF for convenience and to avoid lengthy expressions. In section 2 reasonable values for the parameters r 0 , s 1 and s 2 will be determined as we will use them in section 7 and 8. In section 3 we model the effect of attenuation of the shower on the lateral density. An approximate analytical expression for the effect of attenuation is derived in section 4. In section 5 we model the effect of the cone angle on the lateral density. In section 6 the effect of zenith angle on the lateral combined density of electrons and muons is investigated on the basis of 100 proton initiated showers with energies 1 PeV through 1 EeV and zenith angles 15 • through 60 • generated with CORSIKA/QGSJET-II without thinning. In particular the shift of the centers of the elliptic iso-density contours are determined. In section 7 an explicit expression for the LDF-A of the electron component is constructed as a function of radius r and polar angle φ and parameterized by the zenith angle θ. The predictions of this equation are compared with MC results. In section 8 the influence of the muon content is considered and the LDF as a function of radius r and polar angle φ is adjusted for the combined density of both electrons and muons. Also for the LDF-A of the combined density of electrons and muons a comparison is made with MC results. In section 9 the paper is concluded with a summary and a discussion.
Lateral density function
Although primarily intended for the investigation of the azimuthal asymmetry, the set of 100 showers can also be used to get an estimation of the values for the parameters r 0 , s 1 and s 2 for the lateral density of electrons and the combined density of electrons and muons. To this end the polar average densities within 1000 m from the core are binned (1000 bins each with bin-width 1 m) and χ 2 -fitted (with the reciprocal of the square root of the expected values as the weights) with the aforementioned LDF. As an example the polar average lateral densities of electrons are plotted in fig. 1 for four arbitrary showers with zenith angle 45 • and energies 10 15 , 10 16 , 10 17 respectively 10 18 eV. In fig. 2 the polar average lateral densities of electrons and muons are plotted for the same four showers.
For showers with zenith angle 45 • the LDF fits well for the density of electrons and of both electrons and muons. Similar figures are also obtained for other zenith angles and different primary energies. For increasing radius the muon component increases at cost of the electron component. As a consequence the present LDF, which tends to follow the electron density, underestimates the density for radii larger than 300 m. Later on we will make an adjustment for the muon component.
Fits with the present LDF results in the following parameter values for the electron density: s 1 ≈ −0.5, s 2 ≈ −2.6 and r 0 ≈ 30. From the KASCADE data one has obtained α = 1.5, β = 3.6 and r 0 = 40 m, [6] . There the quantities s − α and s − β, where s is the shape parameter (a remnant of the age parameter), play a similar role as s 1 respectively s 2 . The parameter values are comparable if s ≈ 1. For the density of both electrons and muons we also find: s 1 ≈ −.5 and s 2 ≈ −2.6. The parameters s 1 and s 2 do depend a little on zenith angle and primary energy. We will not go into the details because the paper is not intended to give a precise LDF. A fit of the muon density with the aforementioned LDF also leads to s 1 ≈ −0.5, s 2 ≈ −2.6. However, for the muon density the value of r 0 ranges from 200 m through more than 400 m depending on primary energy and zenith angle. the parameters depend to a certain extend on the zenith angle and on the primary energy. We will therefore perform the mold analysis with the parameters s 1 , s 2 and r 0 unspecified. It turns out that for energies around 10 17 eV -10 18 eV and zenith angles around 45 • the LDF is accurate for s 1 = −0.5, s 2 = −2.6 and r 0 = 30 m. This is the region where the shift is substantial at relevant densities; densities below 0.5 m −2 , for which the detecting efficiency is small, may be less relevant. For smaller energies or smaller zenith angles the shift is relatively small at relevant densities. For the comparison with MC data in section 7 and 8 we therefore will work with an LDF with these fixed values for the parameters. Taking s 1 = −0.5 and s 2 = −2.6 we obtain for the structure function:
For this structure function the normalization is
If we also take the value 30 for r 0 the LDF is further reduced to ρ e (r) = 11.4 N e · r −.5 (r + 30) −2.6 .
For the situation where the muon component becomes substantial we will adjust the LDF accordingly.
Modeling attenuation
Atmospheric attenuation has a large effect on inclined showers [12] . To model the effects of attenuation we initially ignore the cone angle. The effect of the cone angle will be modeled in the next section. Furthermore, we assume that contours of equal density are circles in the plane perpendicular to the shower direction. This is beside reality, but we have to start somewhere and the model imperfections will be removed after inspection of the set of simulated showers. For the coordinate system we take the x and y axes in the horizontal plane and the z axis in the upward vertical direction. The origin is taken at the position where the shower core axis intersects the horizontal plane. The azimuth angle of the shower is, anti-clockwise, with respect to the positive x-axis. Without loss of generality we consider inclined showers with zero azimuthal angle, thus with the shower core in the x,z-plane. The situation is schematically shown in fig. 4 . The tilted circle is perpendicular to the shower direction. At the moment the core reaches the surface in the origin of our coordinate system the shower front intersects the horizontal plane at the y-axis. We take a point N on the tilted circle. Its distance with respect to the origin is r. If the direction of the shower particles is conveniently assumed parallel to the shower core, the projection of N on the horizontal plane is point P . M is a point on the y-axis with identical y-coordinate as N and P . The angle between N M and P M and the angle between N P and the vertical axis both are equal to the zenith angle θ. From the geometry it follows and
Here and in the sequel (x,y) denote the coordinates of P in the horizontal plane.
Without attenuation the azimuthal asymmetry is caused by the projection of the shower plane onto the horizontal observation plane. Alternatively, the intersection of a slant cilinder with a horizontal plane is an ellipse. The projection along the shower core axis means that the density along M N is projected to the larger N P . The density ν at the horizontal plane is smaller than the density ρ of the inclined shower front by a factor cos θ:
ν(x, y) = ρ(r) cos θ .
As a consequence the iso-density contours are stretched to ellipses satisfying eq. (8). If we require the ellipse to intersect the y-axis at y = k:
This is an ellipse whose e semi-major axis a and semi-minor axis b are related to each other via b = a cos θ and where the center of the ellipse coincides with the shower core. As we will see, the center of the ellipse will shift away from the shower core when attenuation is taken into consideration.
At the early stages of the longitudinal development the size of a shower increases. After the shower size has reached a maximum it approximately falls of exponentially with atmospheric depth. The attenuation length λ is about 185 g cm −2 [13, 14] . A consequence of the attenuation of the shower during the traverse from N to P is that the density of shower particles is decreased by a factor e −∆X/λ , where ∆X is the additional atmospheric depth met by shower particles between N and P . At the surface of the earth the increase ∆X is approximately equal to 0.13 g cm −2 for every meter travelled through the air. Hence,
where ξ = 0.13/185 ≈ 7.0·10 −4 m −1 . With the substitution of the expression for the LDF this is:
where, according to eq. (8), r = x 2 cos 2 θ + y 2 . Notice that a negative value for x leads to a decrease of the density. For x = 0, y = k we have
To obtain the iso-density contour, also denoted as 'isoline' hereafter, in the horizontal plane through (0, b) we have to solve numerically the equation ν(x, y) = ν(0, k). Explicitly:
For k = 100, 300 and 500 m the corresponding isolines are plotted for zenith angles 30 • and 60 • in fig. 5 respectively fig. 6 . For comparison the elliptic contours for the situation without attenuation are plotted as well. From these plots we conclude that attenuation shifts the center of the isolines out of the core, to where the shower comes from. Also the sizes of the isolines are slightly increased. The effect is larger for larger values of k and larger for larger values of the zenith angle. It therefore seems natural to parameterize the contours to k and θ. To this end we derive an approximate analytic expression for the isolines.
Analytical approximation
The key in the following analysis is the observation that the lateral density can be roughly described by the following exponential function:
The values of the parameters, roughly v ≈ 3 and w ≈ 0.24, are of secondary interest. By means of this 'toy' function for the lateral density the equation ν(x, y) = ν(0, k) reads Hence,
The latter can be expressed as
where
Since xwη cos θ < 1 for x smaller than 10 4 m we will take a first order approximation for the right hand side of eq. (19) . To first order the equation
With the substitution of expression (8) for r and some rearrangement we obtain
The latter can be written in the form
where b is the semi-minor axis and where x M is the model prediction for the center of the ellipse:
The value of ξ/(vw) is small, of the order 10 −3 . The shower attenuation did not change the eccentricity, which is equal to sin θ. The shower attenuation does shift the center of the ellipse towards the positive x-axis over a distance x M . In fig. 7 the contours are plotted for k = 100, 300 and 500 m and θ = 60 • according to the analytical first order solution and the numerical solution.
We see the first order analytic solution is close to the numerical solution.
It should be kept in mind that both kinds of solution correspond to just a model. Besides, we have not included yet the cone angle of the shower particles.
The cone angle
To determine the effect of the cone angle we consider a shower cone with apex A in the same coordinate system as in fig. 4 . As before, we regard inclined showers with zero azimuthal angle, thus with the shower core in the x,z-plane. Half the cone is denoted as α. opening angle is smaller; half the opening angle is denoted as δ. The situation is schematically shown in fig. 8 . Again, the tilted circle is perpendicular to the shower direction. We take a point N on the tilted circle as shown in fig.  8 . Its distance with respect to the origin is denoted as r. The projection of N , along the cone, on the horizontal plane is point P . M is a point on the y-axis with identical y-coordinate as N . The angle between N M and QM is equal to the zenith angle θ. The angle between N P and the vertical axis is equal to θ + δ. From the geometry it follows
and
The line through A and N intersects the z = 0 plane in point P with (x,y) coordinates
As before we let k be the y value where the projected contour intersects de y-axis. With the use of the identity k = r = L tan δ for these coordinates it follows Now we make the following approximation for convenience: M N ≈ M P cos θ. Then sin β ≈ −x cos θ/k. If we also approximate tan δ by δ the equation for the contour becomes
This is approximately equal to
The maximum value for δ is α. This is the situation for particles on the cone. If we denote the corresponding maximum value of r as R and if we assume the opening angle to scale with radius, δ ≈ αk/R, then the equation of the contour reads
This can also be written in the form (23) with
Notice the shift due to the cone angle is opposite to the shift due to attenuation. With α ≈ .15 radians and R ≈ 10 3 m, the value of α/R is of the order 10 −4 . We therefore expect the shift due to attenuation to be larger than the opposite shift due to the cone angle. As a consequence, we expect a net shift towards the origin of the shower. Both kinds of shift can be taken together:
Given all the caveats one should not attach too much weight to the actual value of ξ/(vw) and α/R as well as to the powers of k. It are just indications. The inaccuracy of the toy function (16) does not matter much since the shift of the contours due to attenuation is governed by the local density in the small interval of radii between the semi minor and semi major axis of the ellipse. In general, the local values of v and w deviate from the global ones. Taking accurate local values for v and w would also lead to expression (35) for the shift except that v = v(k) and w = w(k). Furthermore, the analysis was based on the assumption that iso-density contours are circles in the plane perpendicular to the shower direction. The latter corresponds to a situation were there is a complete migration between different positions of the shower. This is simply not true. The migration is larger closer to the core of the shower. A dependence of k can therefore be expected, leading to smaller powers for k in expression (35). In addition, the smaller attenuation in the more slant outer parts of the inclined shower with respect to the less slant outer parts of the shower, might lead to non-circular isolines in the plane perpendicular to the shower front. It will decrease the model value of k in a way probably dependent on cos θ. The only conclusion that can be drawn therefore is that x M is proportional with some function of k and with something like tan θ/ cos θ or tan θ. The precise dependence on k and θ will be determined by inspection of the data of MC simulations.
Monte Carlo results
In this section we will investigate properties of the iso-density contours of 100 proton initiated showers generated with CORSIKA/QGSJETII without thinning. For each elliptic iso-density contour the semi-major axis, the semi-minor axis and the value of x M are determined. Also the k value of the ellipse, which is the distance between the origin and the intersection of the ellipse with the positive y-axis, is determined. For each shower these values are, for as far as it succeeded, determined at densities 0.25, 0.5, 1, 2, 5, 10, 20 and 50 m −2 . In total we determined 580 ellipses.
To outline the procedure we take as an example the lateral combined density of an arbitrary 10 17 eV shower with 45 • zenith angle and 0 • azimuth angle. An impression of the lateral density is shown in fig. 9 . of squares the final contour is fitted by an ellipse with equation
where a and b are the semi-major and semi-minor axes respectively. The center of the ellipse is denoted as M instead of C to avoid confusion with the core of the shower which is at the origin O. The focal points F 1 and F 2 are at distance c from the center M . This distance is related to the semi-major and semi-minor axis via c 2 = a 2 − b 2 . The fit also delivers a value for the y coordinate of the center M . We leave them out of the analysis, although the mean deviation of the y coordinates, about 0.7 m, can be regarded as an indication for the uncertainty of the x coordinate.
First we will investigate the ratio of the semi-minor and semi-major axes.
Ignoring y M the previous equation can be written as
or as
So, having determined the semi-major axis a, the semi-minor axis b and the shift x M , we also know the corresponding value of k. From the model analyses, we expect b = a cos θ. In fig. 11 the value of b/a is plotted against zenith angle. We see b/a follows cos θ for small zenith angles. For larger zenith angles a small deviation shows up. The deviation increases with zenith angle. In order not to make things too complicated we will take b/a equal to cos θ.
Second, we will investigate the shift x M of the center with respect to the shower core. In fig. 12 the x M are plotted against k distinguished to zenith angle. We see x M grows with k along curves depending on zenith angle. These curves are independent of the primary energy of the showers, see fig.  13 . The value of x M grows with zenith angle, although this pattern is broken somewhere between θ = 52.5 • and 60 • . For 60 • the shift is smaller than for 52.5 • . The shift, which is a consequence of the attenuation of the electron component of the showers, will decrease when the muon component becomes more dominant. We return to this later on.
To investigate the possibility of a simple relation between x M and k as well as between x M and the zenith angle θ we divide, motivated by the model result, x M by tan θ, see fig. 14. For the zenith angles below 60 • the data 
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Before we proceed we like to mention the observation that the distance c between a focal point and the center M is proportional to k times tan θ, see fig. 15 . The proportionality goes as 1.05c = k tan θ. This observation implies the following 'thumb rule': x M = .12c.
The azimuthal density
In this section we will construct an expression for the lateral density in the horizontal plane as a function of radius and of polar angle. Once we have such a description we are also interested in its normalization factor. That is, given a structure function f (r, α) we want to know
If the iso-density contours in the horizontal plane were circles, we would have
where z = r/r 0 . The later equation yields
where we have used the following abbreviation
Of course, this result is identical to the normalization as given by eq. (3).
For elliptic iso-density contours in the horizontal plane we first have to consider some mathematics to calculate the consequences of the eccentricity and the shift x M to the normalization. Substituting x = r cos α, y = r sin α and b/a = √ 1 − 2 into the left hand side of eq. (37) we obtain
Hence,
The integration over α leads to
Since √ 1 − 2 = cos θ we arrive at the following expression for the density
with c(r 0 , s 1 , s 2 ) as defined by eq. (3). That is, the normalization is conserved if cos θ is included in the structure function. We could have left cos θ out of the structure function. Then the cos θ would show up in the normalization. Either way, the projection does stretch the density and therefore decreases the density with cos θ, but the integral value in the horizontal plane is equal to the integral value without the stretching.
Next suppose the shift is such that the core is in a focal point of the ellipse: x M = c. Then the equation (46) reads
With c = a = b/ √ 1 − 2 this is equal to
Its solution for b constitutes another well known relation for ellipses:
The substitution of the latter in eq. (49) gives
The latter can also be written in the form (51), where now
8 The electron and muon component
For the electron density as a function of polar coordinates with the origin at the core of the shower and with the shower angle as a parameter we arrived at ρ e = N e · cos θ 2πr 2 0 γ(s 1 , s 2 )
where k is given by (66) and γ(s 1 , s 2 ) by (45). With the substitution of the values s 1 = −0.5, s 2 = −2.6 and r 0 = 30 the latter expression reduces to
As an example we take a 10 17 eV shower with zenith angle 45 • from our set of generated CORSIKA showers and compare the simulated electron density with the electron density predicted by expression (71), see fig. 16 . The number of electrons for this shower is N e = 1.43 · 10 6 . We see the predicted electron density follows quit accurately the simulated electron density.
As we saw, for radii larger than 200 m the electron density underestimates the combined density of both electrons and muons. Compared to the pure electron density the combined density has to be increased and the increase should be larger for relatively larger distances. For the adjustment we let us motivate by the Greisen function [15] . That is, we multiply the electron density by (1 + 
The factor ζ is obtained from the condition
Taking the previous 10 17 eV shower as a lead, thus for N e = 1.43 · 10 6 and N e+µ = 1.97 · 10 6 , the condition is satisfied if ζ = 11.24. Substituting this value for ζ and replacing r by k we obtain the following prediction for the combined density
where k is as given by (66). In fig. 17 this prediction is compared with the simulated combined density. We see the prediction is good. Of course, the question rises to which extend the latter expression predicts the density for other energies and other zenith angles. To this end we show some other showers, see fig. 18 density. In fig. 19 we see that the prediction is too large for small radii and too small for large radii. In fig. 20 we see the prediction is too small for small radii and too large for large radii. However, in both cases the predictions show the same variations as a function of polar angle α as the azimuthally asymmetric density. If the symmetrical LDF we started from deviates from the 'true' density, the deviation will also be present in the LDF-A. This is not a shortcoming of the LDF-A. For a better correspondence one has to find a better LDF. This can be achieved by taking slightly other values for the powers s 1 and s 2 in our LDF or by considering a different type of LDF.
When an LDF predicts accurately the polar averaged density, the corresponding LDF-A predicts accurately the azimuthally asymmetric density as is the case in fig. 17 and fig. 18 . As known there is no universal LDF which is both accurate and simple. Attempts in this direction probably requires a description of the parameters r 0 , s 1 , s 2 and therefore also ζ as a function of zenith angle and shower size. Even then there still will be inaccuracies in the prediction because we have no a priori knowledge of the kind of primary particle, the primary energy, the height of first interaction, the individual shower development, etc. The LDF will for instance also depend on the altitude of the observation level. The search for an accurate LDF is beyond the scope of the present paper. The aim of the paper is to investigate the shift of the center of iso-density contours and how it is accounted for in the LDF-A.
Summary and discussion
In this paper the shift of the center of elliptic iso-density contours is investigated. A qualitative understanding of the relation between zenith angle and shift and between zenith angle and eccentricity is obtained by means of models. The quantitative relationships are determined on the basis of data obtained with CORSIKA simulations without thinning. The conversion of an LDF-S to an LDF-A for inclined air showers is described. The conversion consists in two steps. The first step is the multiplication of the LDF-S by cos θ, where θ is the zenith angle. The second step is to replace r by k, where k is given by expression (66). The result is an LDF-A for the situation where the azimuth angle φ is equal to zero. The LDF-A for a non-zero azimuth angle requires a third, trivial step: replacing the polar angle α by α − φ. The first term on the right hand side of eq. (66) is due to the shift of the center of the elliptic iso-density contour with respect to the core of the shower. The second term, the square root part, is due to the eccentricity of the elliptic iso-density contour as caused by the projection [16] .
For zenith angles of 60 • and larger the present description is not of application since for large zenith angles the muon component becomes dominant, while our model was based on the attenuation for electrons. For large zenith angles the shift will therefore be smaller than expected on the basis of an extrapolation of the shift for relative small zenith angles. We saw this 'pattern breaking' occurring for zenith angle near 60 • . To apply the present prediction in the neighborhood of 60 • zenith angle one should take x M = 0.065 · k tan θ in stead of eq. (40). For larger zenith angles, beyond 60 • , the shift will further decrease because of the decreasing electron component. The validity of the present LDF-A would break down here anyway since for these zenith angles geo-magnetic field effects become more important and require a dif-ferent modeling [17, 18, 19] . The latter is beyond the scope of the present paper. Our aim was to consider the situation for zenith angles smaller than 60 • , where the shift is mainly governed by the attenuation of the electron component. The inclusion of the shift increases the accuracy of the LDF-A. It can be of use for the reconstruction of cosmic air showers. We hope it also contributes to the understanding of the azimuthal asymmetry of the lateral density of inclined cosmic air showers.
